Nuclei and exotic 4-manifolds by Yasui, Kouichi
ar
X
iv
:1
11
1.
06
20
v2
  [
ma
th.
GT
]  
16
 Fe
b 2
01
2
NUCLEI AND EXOTIC 4-MANIFOLDS
KOUICHI YASUI
Abstract. We introduce a new generalization of Gompf nuclei and give ap-
plications. We construct infinitely many exotic smooth structures for a large
class of compact 4-manifolds with boundary, regarding topological invariants.
We prove that a large class of closed 3-manifolds (including disjoint unions
of Stein fillable 3-manifolds) bound compact connected oriented 4-manifolds
which admit infinitely many smooth structures. To detect smooth structures,
we introduce a relative genus function. As a side result, we show that log
transform and knot surgery of 4-manifolds do not admit any Stein structure,
under a mild condition. Applying these results together with corks, we con-
struct arbitrary many compact Stein 4-manifolds and infinitely many non-Stein
4-manifolds which are all homeomorphic but mutually non-diffeomorphic.
1. Introduction
It is currently known that many closed (or non-compact) 4-manifolds admit
infinitely many smooth structures (cf. [25], [39], [20]). However, smooth structures
on compact 4-manifolds with boundary are not much investigated, partially due to
the difficulty of the invariants (e.g. relative Seiberg-Witten invariants). The main
purpose of this paper is to study smooth and Stein structures on such 4-manifolds.
Gompf [23] (and independently Ue [41]) introduced nuclei, which is useful to
construct exotic smooth structures of “closed” 4-manifolds (e.g. [35], [37], [8]). They
also proved that each Gompf nucleus admits infinitely many smooth structures.
In this paper, we introduce a new generalization of Gompf nuclei. Unlike Fuller’s
generalization for higher genus fibrations in [22], we require our nucleus to contain
a cusp neighborhood. See Definition 3.2 for details. Applying nuclei, we construct
exotic smooth structures for a large class of non-closed 4-manifolds, regarding topo-
logical invariants and boundary 3-manifolds.
We first prove the theorem below using log transform and knot surgery, where
the closed case follows from theorems of Boyer [9] and Fintushel-Stern [16], [19].
Theorem 1.1. Let X be an arbitrary connected oriented smooth 4-manifold. Here
X is allowed to be closed, or to have (possibly disconnected) boundary, or to be
non-compact. Suppose that X smoothly contains a nucleus. Assume further that
X can be embedded into a connected oriented closed smooth 4-manifold Z with
b+2 > 1 whose Seiberg-Witten invariant does not vanish. Then there exist infinitely
many smooth 4-manifolds which are all homeomorphic to X but mutually non-
diffeomorphic.
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Remark 1.2. This theorem also holds in the case where the closed 4-manifold Z ⊃
X satisfies π1(Z) ∼= 1, b
+
2 (Z) = 1, b
−
2 (Z) ≤ 9 and SWZ 6= 0 (see Subsection 5.5).
To detect smooth structures, we introduce a relative genus function (Definition
4.1), generalizing techniques of Akbulut and the author in [6]. While the reader
may expect that the relative Seiberg-Witten (or Ozsva´th-Szabo´) invariants also
detect smooth structures in the compact case, it seems that known formulas (to
the author) do not work in this general setting (cf. Theorem 3.3 of [31]).
In the rest of this section, except for Theorem 1.6, we discuss applications of
Theorem 1.1. Here recall that a (4-dimensional oriented) 2-handlebody means a
compact, connected, oriented smooth 4-manifold obtained from the 4-ball by at-
taching 1- and 2-handles. Applying Theorem 1.1 and corks, we can easily construct
infinitely many exotic smooth structures for a large class of 4-manifolds with bound-
ary, regarding topological invariants.
Theorem 1.3. Let X be a 2-handlebody which contains a nucleus as a subhan-
dlebody. Suppose that the nucleus admits a Stein structure. Then, there exists a
compact connected oriented smooth 4-manifold X0 which satisfies the following.
(1) There exist infinitely many smooth 4-manifolds which are all homeomorphic to
X0 but mutually non-diffeomorphic.
(2) The fundamental group, the integral homology groups, the integral homology
groups of the boundary, and the intersection form of X0 are isomorphic to those of
X.
(3) X0 (resp. X) can be embedded into X (resp. X0).
See also Corollaries 8.2 and 8.3 for simple consequences. Note that Theorem 1.1
of [6] gives finitely many exotic smooth structures for a larger class.
We next consider smooth structures of 4-manifolds from a view point of boundary
3-manifolds. Since every closed connected oriented 3-manifold bounds a simply
connected compact oriented smooth 4-manifold, the following question is natural.
Question 1.4. Does every closed oriented (possibly disconnected) 3-manifold bounds
a (simply) connected compact oriented 4-manifold which has infinitely many dis-
tinct smooth structures?
There are a few affirmative examples. #n(S
1×S2) (n ≥ 0) is easy to check using
closed elliptic surfaces. Other known examples (to the author) are certain homology
3-spheres (Gompf [23] and Ue [41]), certain circle bundles over surfaces (Fintushel-
Stern [18], [17] and Mark [31]) and certain Seifert 3-manifolds (Akhmedov-Etnyre-
Mark-Smith [7]). In this paper, we give an affirmative answer for a large class of
3-manifolds applying Theorem 1.1. Note that most connected closed orientable 3-
manifolds are known to be Stein fillable ([24], [25], [33]), though there are infinitely
many non Stein fillable 3-manifolds ([27], [29], [30]).
Theorem 1.5. (1) For every Stein fillable 3-manifoldM , there exist infinitely many
smooth 4-manifolds Xn (n ≥ 1) such that they are all homeomorphic but mutually
non-diffeomorphic and that the boundary ∂Xn of each Xn is diffeomorphic to M .
(2) LetM be a disjoint union of arbitrary finite number of Stein fillable 3-manifolds.
Then there exist infinitely many smooth 4-manifolds Xn (n ≥ 1) such that they are
all homeomorphic but mutually non-diffeomorphic and that the boundary ∂Xn of
each Xn is diffeomorphic to M .
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Moreover, ignoring the simple connectivity of 4-manifolds, we also prove this
for more general 3-manifolds including non Stein fillable 3-manifolds with both
orientations. See Theorem 9.2, Corollary 9.3 and Example 9.4.
We here discuss non-existence of Stein structures. It is interesting to find surgical
operations which produce compact Stein 4-manifolds. Since log transform (resp.
knot surgery) produces closed complex surfaces (resp. symplectic 4-manifolds) un-
der certain conditions (cf. [25]), one might expect that these operations can produce
compact Stein 4-manifolds. However, we give a negative answer under a mild con-
dition.
Theorem 1.6. Let X be a compact connected oriented smooth 4-manifold with
boundary. Suppose that X contains a c-embedded torus T and that T represents a
non-torsion (i.e. infinite order) class of H2(X ;Z). Then the following hold.
(1) For each p ≥ 2, the p-log transform X(p) of X along T does not admit any Stein
structure for both orientations.
(2) For each knot K in S3 with the non-trivial Alexander polynomial, the knot
surgery XK of X along T does not admit any Stein structure for both orientations.
We finally discuss smooth structures of Stein 4-manifolds. It is known that dif-
feomorphism types of Stein 4-manifolds bounded by certain 3-manifolds are unique
(e.g. #n S
1 × S2 (n ≥ 0). cf. [33]). It is thus interesting to find exotic Stein 4-
manifold pairs. Akhmedov-Etnyre-Mark-Smith [7] constructed the first example of
infinitely many compact Stein 4-manifolds which are all homeomorphic but mutu-
ally non-diffeomorphic. Akbulut and the author (Theorem 10.1 of [6]) recently con-
structed arbitrary many compact Stein 4-manifolds and arbitrary many non-Stein
4-manifolds which are all homeomorphic but mutually non-diffeomorphic. In this
paper, we construct arbitrary many compact Stein 4-manifolds and infinitely many
non-Stein 4-manifolds which are all homeomorphic but mutually non-diffeomorphic.
Theorem 1.7. Let X be a 2-handlebody which contains a nucleus as a subhan-
dlebody. Suppose that the nucleus admits a Stein structure. Then for each integer
n ≥ 1, there exist infinitely many compact connected oriented smooth 4-manifolds
Xi (i = 0, 1, 2, . . . ) which satisfy the following.
(1) Xi (i ≥ 0) are all homeomorphic but mutually non-diffeomorphic.
(2) Each Xi (1 ≤ i ≤ n) admits a Stein structure, and any Xi (i ≥ n+ 1) admits
no Stein structure.
(3) The fundamental group, the integral homology groups, the integral homology
groups of the boundary, and the intersection form of each Xi (i ≥ 0) are isomor-
phic to those of X.
(4) Each Xi (0 ≤ i ≤ n) can be embedded into X .
(5) X can be embedded into X0.
See also Corollaries 11.5 and 11.6 for simple consequences. In a forthcoming
paper [43], we will apply Theorem 1.1 to construct exotic S2-knots and links in
certain 4-manifolds.
This paper is organized as follows. In Section 2, we recall log transform, knot
surgery and the adjunction inequality. In Section 3, we study a generalization
of Gompf nuclei. In Section 4, we introduce a relative genus function. In Sec-
tion 5, we prove Theorem 1.1. In Sections 6 and 7, we briefly review compact
Stein 4-manifolds, corks andW -modifications. In Section 8, we prove Theorem 1.3,
applying W -modifications and Theorem 1.1. In Section 9, we prove Theorem 1.5,
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using compact Stein 4-manifolds and applying Theorem 1.1. In Section 10, we prove
Theorem 1.6. In Section 11, we recall an algorithm of Akbulut and the author [6]
and prove Theorem 1.7, applying the algorithm and Theorems 1.1 and 1.6.
Acknowledgements. The author would like to thank Anar Akhmedov, Mikio Fu-
ruta, Kazunori Kikuchi, Hirofumi Sasahira, Motoo Tange, Masaaki Ue and Yuichi
Yamada for their helpful comments.
2. Log transform, knot surgery and the adjunction inequality
In this section, we briefly recall log transform, knot surgery and their effects on
Seiberg-Witten invariants. Furthermore, we recall the adjunction inequality. For
details, see [25], [20], [39], [38].
Throughout this paper, for an embedded oriented connected closed surface Σ in
a 4-manifold X , we denote by [Σ] the class of H2(X ;Z) represented by Σ. The
symbol ν(·) and PD(·) denote the regular neighborhood and the Poincare´ dual
class, respectively.
Definition 2.1. (1) The smooth 4-manifold C given by the left handlebody in
Figure 1 is called a cusp neighborhood. Note that this 4-manifold is diffeomorphic
to the middle and the right handlebodies. It is known that C admits a torus
fibration structure over D2 with only one singular fiber, i.e., a cusp fiber. The
obvious T 2 × D2 in the left diagram describes the tubular neighborhood of the
regular fiber.
(2) A smoothly embedded torus T in a 4-manifold X is called a c-embedded torus
if X smoothly contains a cusp neighborhood C, and T is a regular fiber of C. Note
that the self-intersection number of any c-embedded torus is zero.
Figure 1. Diagrams of a cusp neighborhood C
2.1. Log transform. Recall that self-diffeomorphisms of T 3 = S1 × S1 × S1
are classified, up to isotopy, by AutZ(H1(T
3;Z)). Let ϕp (p ≥ 0) be the self-
diffeomorphism of T 2 × S1 induced by the automorphism 1 0 00 0 1
0 −1 p

of H1(S
1;Z)⊕H1(S
1;Z)⊕H1(S
1;Z) with the obvious basis.
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Definition 2.2. Let X be a smooth 4-manifold which contains a torus T with the
self-intersection number zero, and let ν(T ) denote the tubular neighborhood of T .
Let X(p) be the smooth 4-manifold obtained from X by removing ν(T ) and gluing
T 2 ×D2 via the diffeomorphism ϕp : T
2 × ∂D2 → ∂ν(T ), where we identify ∂ν(T )
with T 2 × ∂D2. This X(p) is called the p-log transform of X along T . We denote
the new embedded torus T 2 × 0 in X(p) by Tp, which is called the multiple fiber.
Remark 2.3. (1) Note that X(p) contains a parallel copy of the original torus
T . This torus satisfies [T ] = p[Tp] in H2(X(p);Z). This can be seen as follows.
Let λ1, λ2, λ3 be the obvious basis of H1(S
1 × S1;Z) ⊕ H1(∂D
2;Z). The tori
ϕp(T
2 × {pt.}) and T × {pt.} in ∂ν(T ) ⊂ X(p) are parallel copies of Tp and T ,
respectively. By the definition of ϕp, the obvious basis µ1, µ2, µ3 of H1(∂ν(T )) =
H1(T ;Z)⊕H1(∂D
2;Z) satisfies µ1 = ϕp∗(λ1) and µ2 = pϕp∗(λ2)− ϕp∗(λ3). Since
[ϕp(S
1×{pt.}×S1)] = 0 in H2(X(p);Z), the Ku¨nuth formula easily gives [T ] = p[Tp]
in H2(X(p);Z) as desired.
(2) The above definition of log transform is a special case of the general log trans-
form. When the torus is c-embedded, this definition is known to be consistent with
the general one. See [23], [25] for details.
By the following result, we may identifyX(1) withX if the torus T is c-embedded.
Theorem 2.4 (Gompf [23]). Let X be a connected closed oriented smooth 4-
manifold which contains a c-embedded torus T . Then the log transform X(1) along
T is diffeomorphic to X.
The Seiberg-Witten invariant of X(p) is given as follows.
Theorem 2.5 (Fintushel-Stern [16], Morgan-Mrowka-Szabo´ [32]). Let X be a con-
nected closed oriented smooth 4-manifold with b+2 > 1 which contains a c-embedded
torus T . Let X(p) and Tp (p ≥ 1) be the p-log transform of X along T and the
multiple fiber of X(p), respectively. If [T ] is non-torsion in H2(X ;Z), then
SWX(p) = SWX · (t
−(p−1) + t−(p−3) + · · ·+ tp−1),
where t = exp(PD([Tp])).
2.2. Knot surgery.
Definition 2.6. Let X be a compact oriented smooth 4-manifold which contains
a torus T with the self-intersection number 0, and let K be a knot in S3. We call
the smooth 4-manifold
XK := (X − int ν(T )) ∪ϕ ((S
3 − int ν(K))× S1)
a knot surgery of X along T with K. Here ϕ : ∂ν(T )→ ∂ν(K)× S1 is any gluing
map which sends {pt.} × ∂D2 (⊂ T 2 × ∂D2 ∼= ∂ν(T )) to ℓ× {pt.}(⊂ ∂ν(K)× S1),
where ℓ denotes a longitude of K. Note that the diffeomorphism type of XK may
depend on the choice of ϕ. We denote by TK the torus m×S
1 ⊂ (S3− ν(K))×S1
in XK , where m denotes a meridian of K. Note [TK ] · [TK ] = 0.
Remark 2.7. Note that XK contains a parallel copy of the original torus T . Sim-
ilarly to Remark 2.3.(1), we can see that [T ] = [TK ] in H2(XK ;Z).
The Seiberg-Witten invariant of XK is given as follows.
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Theorem 2.8 (Fintushel-Stern [19], see also [21]). Let X be a connected closed
oriented smooth 4-manifold with b+2 > 1 which contains a c-embedded torus T . If
[T ] is non-torsion in H2(X ;Z), then, for any knot K in S
3, the knot surgery XK
satisfies
SWXK = SWX ·∆K(t),
where ∆K is the symmetrized Alexander polynomial of K, and t = exp(PD(2[T ])).
2.3. The adjunction inequality. In this paper, we use the following adjunction
inequality to detect smooth structures. According to Theorem 2.10, we can ap-
ply the adjunction inequality for many closed 4-manifolds with the non-vanishing
Seiberg-Witten invariants.
Theorem 2.9 (Kronheimer-Mrowka [26], Ozsva´th-Szabo´ [34]. cf. [33]). Let X be a
connected closed oriented smooth 4-manifold with b+2 > 1, and let K ∈ H
2(X ;Z) be
a Seiberg-Witten basic class of X. If a smoothly embedded connected closed oriented
surface Σ ⊂ X of genus g ≥ 0 satisfies [Σ] · [Σ] ≥ 0, and [Σ] is non-torsion, then
the following inequality holds:
[Σ] · [Σ] + |〈K, [Σ]〉| ≤ 2g − 2.
Furthermore, if X is of Seiberg-Witten simple type and g ≥ 1, then the same
inequality also holds in the [Σ] · [Σ] < 0 case.
Theorem 2.10 (Morgan-Mrowka-Szabo [32]). Let X be a connected closed oriented
smooth 4-manifold with b+2 > 1. If X contains a smoothly embedded torus T , and
[T ] is non-torsion, then X is of Seiberg-Witten simple type.
3. Generalized nucleus
In this section, we give a new generalization of Gompf nuclei [23] and discuss
their properties. For related discussions, see also [15]. We begin with the following
lemma.
Lemma 3.1. Let X be a compact connected oriented smooth 4-manifold (possibly
with boundary) which contains a torus T . Suppose that H2(X ;Z) has no torsion
and that H1(X− int ν(T );Z) ∼= Z/dZ for some positive integer d. Then there exists
a primitive (i.e. indivisible) class T̂ of H2(X ;Z) such that [T ] = d · T̂ .
Proof. Using the homology exact sequence for the pair (X, ν(T )), the Alexander
duality H4−i(X − int ν(T );Z) ∼= Hi(X, ν(T );Z), and the universal coefficient the-
orem, we easily get the following exact sequence:
0→ H2(ν(T );Z)→ H2(X ;Z)→ Hom(H2(X − int ν(T );Z),Z)⊕ (Z/dZ)→ Z⊕ Z.
We can now easily check the claim. 
We here give a generalization of Gompf nucleus [23]. Our generalization is differ-
ent from Fuller’s one [22], since our purpose is to produce exotic smooth structures.
Definition 3.2. Let N be a connected compact oriented smooth 4-manifold with
a connected non-empty boundary. Suppose that N smoothly contains a torus T .
We call (N, T ) (or N itself) a nucleus, if the following conditions hold.
(i) π1(N) ∼= 1 and H2(N ;Z) ∼= Z⊕ Z.
(ii) The intersection form of N is unimodular. In particular, the boundary ∂N
is a connected homology 3-sphere (cf. [25]).
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(iii) T is c-embedded in N . In particular, [T ] · [T ] = 0.
(iv) π1(N − int ν(T )) ∼= Z/dTZ for some positive integer dT . We call dT the
divisor of T .
(v) The inclusion induced homomorphism π1(∂ν(T )) → π1(N − int ν(T )) is
surjective.
Remark 3.3. In the above definition of nuclei, we added the condition (v) to guar-
antee the simple connectivity of the log transformN(p) for some p’s (see Lemma 3.6).
However, as long as N(p) is simply connected (for some p’s), all arguments in this
paper work even when N does not satisfy the condition (v).
There are many examples of our generalized nuclei. Actually, it is easy to con-
struct examples using handlebody pictures.
Example 3.4. (1) Let X be a 4-manifold obtained from the cusp neighborhood C
by attaching a single 2-handle along a knot which links with the 0-framed trefoil
knot in the right diagram of Figure 1 geometrically once. Let T denote the regular
fiber of the cusp neighborhood C. Then (X,T ) is clearly a nucleus with dT = 1.
It easily follows from the Van Kampen’s Theorem that (X(p), T ) is also a nucleus
with dT = p. Note that X(p) still contains a smaller copy of C.
(2) Let G(n) (n ≥ 1) be the 4-manifold in Figure 2. This G(n) is the Gompf nucleus
introduced by Gompf [23]. Note that the intersection form of G(n) is odd (resp.
even) if n is odd (resp. even). As noted in the above, G(n) and its p-log transform
G(n)(p) (p ≥ 1) are nuclei in the sense of Definition 3.2.
Figure 2. Gompf nucleus G(n) (n ≥ 1)
We here discuss basic properties of our nuclei.
Lemma 3.5. Let (N, T ) and dT be a nucleus and the divisor of T , respectively.
Then there exists a basis T̂ , S of H2(N ;Z) such that [T ] = dT · T̂ and S · T̂ = 1.
Consequently, the intersection form of N is indefinite.
Proof. Lemma 3.1 gives a primitive class T̂ with [T ] = dT · T̂ . Since the intersection
form of N is unimodular, the fact T̂ · T̂ = 0 implies the existence of the required
class S. 
Lemma 3.6. Let (N, T ) and dT be a nucleus and the divisor of T , respectively.
Assume that a positive integer p is relatively prime to dT . Let N(p) be the p-log
transform of N along T . Then the following hold.
(1) π1(N(p)) ∼= 1 and H2(N(p);Z) ∼= Z⊕ Z.
(2) The intersection form of N(p) is unimodular and indefinite. The intersection
form of N(p) is even if and only if the following two conditions are satisfied.
(i) The intersection form of N is even.
(ii) p is odd, or dT is even.
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(3) If the intersection form of N and N(p) are isomorphic, then any diffeomorphism
between the boundaries ∂N and ∂N(p) extends to a homeomorphism between N and
N(p).
Proof. (1) The Van Kampen’s theorem gives π1(N(p)) ∼= 1. We can easily check that
H2(N(p);Z) has no torsion and that H3(N(p);Z) = 0, using the universal coefficient
theorem and the Poincare´ duality. Since the Euler characteristics of N(p) and N
are equal, H2(N(p);Z) ∼= Z⊕ Z.
(2) Since N is simply connected, and ∂N(p)(= ∂N) is a homology 3-sphere, the
intersection form of N(p) is unimodular (cf. [25]). Lemma 3.1 thus implies that N(p)
has an indefinite form.
We next discuss the parity of the intersection form. Let S denote the class
of H2(N ;Z) given in Lemma 3.5 and put s = S · S. We here consider a handle
decomposition of N . N is obtained from the cusp neighborhood in the middle
diagram of Figure 1 by attaching handles. Recall that (part of) 2-handles of N
naturally give a generating set of H2(N ;Z) after appropriately sliding 2-handles.
Therefore, if necessary by creating a canceling 2-handle/3-handle pair and sliding
handles except those of the cusp neighborhood C, the class S is represented by a
2-handle (say K) of the decomposition of N . In particular, (the attaching circle
of) K does not algebraically link with any 1-handles of the decomposition of N .
Furthermore, we may assume that K does not algebraically link with the two −1-
framed knots of C, if necessary, by further sliding K over 1-handles of C. It follows
that the Seifert framing of K is s and that K links with the 0-framed knot in the
left picture of Figure 3 algebraically dT times. Hence the 2-handle K is given as
shown in the left picture of Figure 3, though the actual K may geometrically link
with other handles in the picture.
Applying the p-log transform procedure in Figure 17 of [5] to the above handle-
body of N , we get the right handlebody of N(p) in Figure 3. Note that the obvious
T 2 ×D2 describes ν(Tp). The bottom s-framed circle (say L1) may geometrically
link with other handles in the picture, though its algebraic linking numbers with
other handles are correct. Let L2 denote the middle (p − 1)-framed knot in the
right diagram of Figure 3. By introducing a canceling 2-handle/3-handle pair and
sliding handles, we get a 2-handle L (= pL1 + dTL2) which satisfies the following
three conditions: (i) L does not algebraically link with any 1-handles; (ii) L links
with the middle 0-framed knot algebraically dT times; (iii) The Seifert framing of
L is s′ := p2s+ (dT )
2(p− 1). This together with Lemma 3.1 implies the existence
of a basis S′, T̂p of H2(N(p);Z) which satisfies the following:
[Tp] = dT · T̂p, S
′ · S′ = s′, S′ · T̂p = 1.
Thus the intersection form of N(p) is even if and only if s
′ = p2s + (dT )
2(p− 1) is
even. We can now easily check the claim (2).
(3) This clearly follows from Boyer’s theorem [9] (cf. Corollary 2.3 of [37]). 
Lemma 3.7. Let (N, T ) be a nucleus. Assume that the divisor dT satisfies dT = 1.
Let K be a knot in S3, and let NK be the knot surgery of N along T . Then the
following hold.
(1) The fundamental group, the homology groups, and the intersection form of NK
are isomorphic to those of N . Furthermore, the class [T ] is primitive in H2(NK ;Z).
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Figure 3. handlebodies of N and N(p)
(2) Any diffeomorphism between the boundaries ∂N and ∂NK extends to a homeo-
morphism between N and NK .
Proof. (1) A sketch of a proof was given by Fintushel-Stern [19]. We here explain
more detail for the reader’s convenience. Since π1(X − ν(T )) ∼= 1, NK is simply
connected ([19]). Since ∂NK is a connected homology 3-sphere, it is easy to see that
H2(NK ;Z) has no torsion and that H3(NK ;Z) = 0 by the Poincare´ duality and the
universal coefficient theorem. These fact give H2(NK ;Z) ∼= H2(N ;Z) because the
Euler characteristics of NK and N are the same. Hence the homology groups of
NK and N are isomorphic.
The condition π1(X − ν(T )) ∼= 1 gives an embedded closed connected oriented
surface S in N which transversely intersects with the torus T in exactly one point.
(The reason is as follows. It is easy to construct a continuous map S2 → N such that
its image of a disk (⊂ S2) is a diskD := {pt.}×D2 in T×D2 ∼= ν(T ). Approximating
this map by an immersion and resolving its singular points (cf. Remark 2.1.2 of [25]),
we obtain the desired surface.) Let T ′ ⊂ N − ν(T ) be a parallel copy of T . We
may assume that T ′ ⊂ N intersects with S ⊂ N in exactly one point and that
the point is outside of the disk D. Let Σ be a Seifert surface of a longitude of K.
We denote by SK the closed connected oriented surface in XK obtained by gluing
S − intD with Σ× {pt.} ⊂ (S3 − int ν(K))× S1 along ∂D = ∂Σ× {pt.}. Since we
can move Σ along the trivial S1 direction in (S3 − int ν(K))× S1, the surface SK
satisfies SK · SK = S · S. By the construction, SK · T
′ = 1. This shows that the
intersection forms of N and NK are isomorphic and that the class [T ] is primitive
in H2(NK ;Z).
The claim (2) follows from Boyer’s theorem. 
4. Relative genus function
In this section, we introduce a relative genus function of a 4-manifold.
Here recall that, for any oriented smooth 4-manifoldX , every class α ∈ H2(X ;Z)
can be represented by a smoothly embedded closed connected oriented surface in
X (cf. Exercise 4.5.12.(b) of [25]). Note that this holds even when X has (possibly
disconnected) boundary, or is non-compact. We also use the following conven-
tion. For a class α ∈ H2(X ;Z)/Tor and a smoothly embedded closed connected
oriented surface Σ in X , we say “Σ represents α”, if [Σ] ∈ H2(X ;Z) represents
α ∈ H2(X ;Z)/Tor.
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The (minimal) genus function gX : H2(X ;Z)→ Z of X is defined as follows:
gX(α) = min
{
g ∈ Z
∣∣∣∣ α is represented by a smoothly embeddedclosed connected oriented surface of genus g in X .
}
.
Similarly, one can also define the genus function gX : H2(X ;Z)/Tor→ Z of X . We
use the same symbol gX for these two functions, if it is clear from the context.
In [2], Akbulut successfully used the genus function to detect smooth structures
of two 4-manifolds with b2 = 1. However, it is generally difficult to see differences
of the functions in the b2 ≥ 2 case, since we have to consider the automorphisms of
the second homology groups induced by self-diffeomorphisms.
To avoid this issue, we introduce relative versions of the genus function, by
generalizing techniques of Akbulut and the author in [6]. We use the following
notation. Let Z≥0 denote the set of non-negative integers. For an index set Λ, let
ZΛ and (Z≥0)
Λ denote the direct products
∏
Λ Z and
∏
Λ(Z≥0), respectively. Let
SymΛ(Z) denote the set of Λ× Λ integer symmetric matrices. Namely, we set
ZΛ = {(dλ)λ∈Λ | dλ ∈ Z for all λ ∈ Λ},
(Z≥0)
Λ = {(gλ)λ∈Λ | gλ ∈ Z≥0 for all λ ∈ Λ},
SymΛ(Z) = {(Qλ,µ)(λ,µ)∈Λ×Λ | Qλ,µ ∈ Z and Qλ,µ = Qµ,λ for all (λ, µ) ∈ Λ× Λ}.
Let X be an arbitrary connected oriented smooth 4-manifold. X is allowed to
be closed or to have (possibly disconnected) boundary or to be non-compact.
Definition 4.1. Suppose that H2(X ;Z)/Tor is a free Z-module. Let fix an index
set Λ which has a bijection to a basis of H2(X ;Z)/Tor. Note that any two bases of
a (possibly infinitely generated) free Z-module have the same cardinality. Fix an
element λ0 of Λ.
(1) Let v = {vλ | λ ∈ Λ} be a basis of H2(X ;Z)/Tor. For Q ∈ SymΛ(Z), d ∈ Z
Λ
and g ∈ (Z≥0)
Λ−{λ0}, we define GX,Q,d,g(v) ∈ Z ∪ {∞} as follows. Here we put
Q = (Qλ,µ)(λ,µ)∈Λ×Λ, d = (dλ)λ∈Λ and g = (gλ)λ∈Λ−{λ0}.
GX,Q,d,g(v) =
{
gX(dλ0vλ0), if v satisfies the following conditions (i) and (ii).
∞, otherwise.
(i) The basis v represents Q, namely, vλ · vµ = Qλ,µ for each λ, µ ∈ Λ.
(ii) For each λ ∈ Λ− {λ0}, dλvλ ∈ H2(X ;Z)/Tor satisfies gX(dλvλ) ≤ gλ.
(2) For Q ∈ SymΛ(Z), d ∈ Z
Λ and g ∈ (Z≥0)
Λ−{λ0}, we define GX(Q,d,g) ∈
Z ∪ {∞} as follows.
GX(Q,d,g) = min{GX,Q,d,g(v) | v is a basis of H2(X ;Z)/Tor.}.
We call this function
GX : SymΛ(Z)× Z
Λ × (Z≥0)
Λ−{λ0} → Z ∪ {∞}
the relative genus function of X .
Remark 4.2. (1) This function is clearly an invariant of smooth structures. Namely,
if X and Y are orientation preserving diffeomorphic, then GX = GY for any fixed
pair (Λ, λ0). IfX and Y are orientation reversing diffeomorphic, thenGX(Q,d,g) =
GY (−Q,d,g) for each (Q,d,g) ∈ SymΛ(Z)× Z
Λ × (Z≥0)
Λ−{λ0}.
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(2) The following variant G± is useful to detect smooth structures without fixing
orientations. Let
G±X : SymΛ(Z)× Z
Λ × (Z≥0)
Λ−{λ0} → Z ∪ {∞}
be the function defined byG±X(Q,d,g) = min{GX(Q,d,g), GX(−Q,d,g)}. Clearly,
if X and Y are diffeomorphic (not necessarily orientation preserving), then G±X =
G±Y .
We next slightly generalize the relative genus function, since we need to deal with
the case where H2(X ;Z)/Tor is not a free module. While the following function
GX,F0,F1 is stronger and enough for our purpose, we mainly use GX in this paper.
This is just because we can decrease the number of symbols for discussions.
Definition 4.3. Let F0 and F1 be a free Z-module and a (possibly non-free) Z-
module, respectively. Let Λ0 be an index set which has a bijection to a basis of
F0. Put Λ1 = F1 and regard Λ1 as an index set. Denote by Λ the disjoint union
Λ0
∐
Λ1. Fix an element λ0 ∈ Λ0 ⊂ Λ.
(1) Let v = {vλ | λ ∈ Λ} be a subset of H2(X ;Z). For Q ∈ SymΛ(Z), d ∈ Z
Λ and
g ∈ (Z≥0)
Λ−{λ0}, we define GX,F0,F1,Q,d,g(v) ∈ Z ∪ {∞} as follows. Here we put
Q = (Qλ,µ)(λ,µ)∈Λ×Λ, d = (dλ)λ∈Λ and g = (gλ)λ∈Λ−{λ0}.
GX,F0,F1,Q,d,g(v) =
{
gX(dλ0vλ0 ), if v satisfies the following conditions (i)–(iii).
∞, otherwise.
(i) The subset v represents Q, namely, vλ · vµ = Qλ,µ for each λ, µ ∈ Λ.
(ii) For each λ ∈ Λ− {λ0}, dλvλ ∈ H2(X ;Z) satisfies gX(dλvλ) ≤ gλ.
(iii) There exists a direct sum decomposition H2(X ;Z) = F
′
0⊕F
′
1 satisfying the
following conditions (a) and (b).
(a) The submodules F ′0 and F
′
1 are isomorphic to F0 and F1, respectively.
(b) The subset v(0) := {vλ | λ ∈ Λ0} of v is a basis of F
′
0, and the subset
v(1) := {vλ | λ ∈ Λ1} of v satisfies v
(1) = F ′1.
(2) For Q ∈ SymΛ(Z), d ∈ Z
Λ and g ∈ (Z≥0)
Λ−{λ0}, we define GX,F0,F1(Q,d,g) ∈
Z ∪ {∞} as follows.
GX,F0,F1(Q,d,g) = min{GX,F0,F1,Q,d,g(v) | v is a subset of H2(X ;Z).}.
We call this function
GX,F0,F1 : SymΛ(Z)× Z
Λ × (Z≥0)
Λ−{λ0} → Z ∪ {∞}
the relative genus function of X with respect to F0, F1.
Remark 4.4. Similarly to GX , this function is an invariant of smooth structures.
Namely, if X and Y are orientation preserving diffeomorphic, then GX,F0,F1 =
GY,F0,F1 for each modules F0 and F1. If X and Y are orientation reversing diffeo-
morphic, thenGX,F0,F1(Q,d,g) = GY,F0,F1(−Q,d,g) for each (Q,d,g) ∈ SymΛ(Z)×
ZΛ × (Z≥0)
Λ−{λ0}. Similarly to G±X , we can also define G
±
X,F0,F1
.
5. Producing exotic smooth structures
To state the results of this paper simply, we use the following convention. For a
smooth 4-manifold X , we say “X admits infinitely many distinct (exotic) smooth
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structures”, if there exist infinitely many smooth 4-manifolds which are all homeo-
morphic to X but mutually non-diffeomorphic. In this section we prove the follow-
ing, which is a restatement of Theorem 1.1, using log transform, knot surgery and
the relative genus function.
Theorem 5.1. Let X be an arbitrary connected oriented smooth 4-manifold. Here
X is allowed to be closed, or to have (possibly disconnected) boundary, or to be
non-compact. Suppose that X smoothly contains a nucleus. Assume further that X
can be embedded into a connected oriented closed smooth 4-manifold with b+2 > 1
whose Seiberg-Witten invariant does not vanish. Then X admits infinitely many
exotic smooth structures.
Throughout this section, we fix the notation as follows.
Definition 5.2. Let (N, T ) and dT be a nucleus and the divisor of T , respectively.
Let X be an arbitrary connected oriented smooth 4-manifold which smoothly con-
tains the nucleus N . Let Z be a closed connected oriented smooth 4-manifold
with b+2 > 1 whose Seiberg-Witten invariant does not vanish, and let ψ : X → Z
be a smooth embedding. Assume that H2(X ;Z)/Tor is a free Z-module, unless
otherwise stated.
To construct the desired manifolds, we need the following data.
Definition 5.3 (Data set of X). (1) Let T̂ , S be a basis of H2(N ;Z) such that
[T ] = dT · T̂ and S · T̂ = 1 (see Lemma 3.5).
(2) PutX0 = X−intN . Since ∂N is a homology 3-sphere, we get the decomposition
H2(X ;Z)/Tor = H2(N ;Z)⊕ (H2(X
0;Z)/Tor).
Let
(ψ|X0)∗ : H2(X
0;Z)/Tor→ H2(Z;Z)/Tor
be the homomorphism induced by the embedding ψ|X0 : X
0 → Z. Since
(H2(X
0;Z)/Tor)
/
ker(ψ|X0)∗ ∼= Im (ψ|X0)∗
is a free Z-module, we have a direct sum decomposition
H2(X
0;Z)/Tor = FX0 ⊕ ker(ψ|X0)∗,
where FX0 is a free Z-module isomorphic to Im (ψ|X0)∗. Note that FX0 is finitely
generated, because H2(Z;Z)/Tor is finitely generated. Put k = rank (FX0). Be-
ware that k can be zero.
(3) Let {u1, u2, . . . , uk} and {uλ | λ ∈ Λ1} be bases of FX0 and ker(ψ|X0)∗, respec-
tively. Note that
u := {S, T̂ , u1, u2, . . . , uk} ∪ {uλ | λ ∈ Λ1}
is a basis of H2(X ;Z)/Tor.
(4) For 1 ≤ i ≤ k, define g(ui) by
g(ui) =
{
gX0(ui), if ui · ui ≥ 0.
max{gX0(ui), 1}, if ui · ui < 0.
Remark 5.4. When H2(X ;Z) is finitely generated (e.g. X is compact), it suffices
to set FX0 = H2(X
0;Z)/Tor, ignoring the above definition. In this case, we do not
need to use ker(ψ|X0)∗ in the following argument.
NUCLEI AND EXOTIC 4-MANIFOLDS 13
5.1. Construction 1: log transform. In this subsection, we construct infinitely
many distinct exotic smooth structures on X using log transform.
Definition 5.5 (Data set of X(p)). (1) Let p be a positive integer which is relatively
prime to dT . Let N(p) (resp. X(p)) be the p-log transform of N (resp. X) along T .
Let Tp denote the multiple fiber of N(p) (hence, of X(p)). When the intersection
form of N is even, and dT is odd, we further assume that p is odd. Note that
the intersection forms of N(p) and N are isomorphic by Lemma 3.6. Lemmas 3.1
and 3.6 thus imply the existence of a basis T̂p, Sp of H2(N(p);Z) which satisfies
[Tp] = dT · T̂p, Sp · Sp = S · S, T̂p · Sp = 1.
Note S1 = S, since N(1) ∼= N and X(1) ∼= X .
(2) Regard Sp as an element of H2(X(p);Z) through the homomorphism induced
by the inclusion. For p ≥ 1, define g(Sp) by
g(Sp) =
{
gX(p)(Sp), if Sp · Sp ≥ 0.
max{gX(p)(Sp), 1}, if Sp · Sp < 0.
We here define integers pn (n = 1, 2, . . . ). Roughly speaking, the following
conditions require that pn is sufficiently larger than pn−1 for each n.
Definition 5.6. Put p1 = 1. Define an integer sequence pn (n ≥ 2) so that it
satisfies the following conditions (i)–(iv).
(i) pn > pn−1, for each n ≥ 2.
(ii) dT (p2 − 1) + ui · ui > 2g(ui)− 2, for each 1 ≤ i ≤ k.
(iii) dT (pn − 1) + S · S > 2g(Spn−1)− 2, for each n ≥ 2.
(iv) Each pn (n ≥ 2) is relatively prime to dT .
In the case where the intersection form of N is even (i.e. S · S is even), and dT is
odd, we further assume the following (v).
(v) Every pn (n ≥ 2) is odd.
We are now ready to define the desired manifolds.
Definition 5.7. Let Xn (resp. Zn) (n ≥ 1) be the pn-log transform of X (resp. Z)
along the torus T in the nucleus N .
Note that X1 (resp. Z1) is diffeomorphic to X (resp. Z). We here check topo-
logical types of Xn’s.
Lemma 5.8. Every Xn (n ≥ 1) is homeomorphic to X.
Proof. Since Xn is obtained from X by replacing the copy of N with N(pn), Lemma
3.6 shows the claim. 
5.2. Detecting smooth structures. In this subsection, we detect smooth struc-
tures of Xn’s obtained in Subsection 5.1. To see differences of the relative genus
functions, we choose an element (Q,d,g) as follows.
Definition 5.9. Let Λ be the disjoint union {0, 1, . . . , k + 1}
∐
Λ1, and put λ0 =
0 ∈ Λ. Let Q ∈ SymΛ(Z) be the intersection matrix of H2(X ;Z)/Tor given by the
basis u. Define d = (dλ)λ∈Λ and g = (gλ)λ∈Λ−{λ0} as follows:
d0 = 1, d1 = dT , di = 1 (2 ≤ i ≤ k + 1), dλ = 0 (λ ∈ Λ1),
g1 = 1, gi = g(ui−1) (2 ≤ i ≤ k + 1), gλ = 0 (λ ∈ Λ1).
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For this (Q,d,g), we obtain the following evaluation.
Proposition 5.10. Let (Q,d,g) ∈ SymΛ(Z)×Z
Λ×ZΛ−{λ0} be the one in Defini-
tion 5.9. Then the following inequalities hold.
• For each n ≥ 1, GXn(Q,d,g) ≤ g(Spn).
• For each n ≥ 2, g(Spn−1) < GXn(Q,d,g).
Consequently GXn 6= GXm for any n 6= m.
Proof. Put un = {Spn , T̂pn , u1, u2, . . . , uk} ∪ {uλ | λ ∈ Λ1}, and regard un as the
subset ofH2(Xn;Z)/Tor through the natural inclusionsN(pn) → Xn andX
0 → Xn.
This un is clearly a basis of H2(Xn;Z)/Tor. By Definitions 5.3 and 5.5, we have
GXn(Q,d,g) ≤ GXn,Q,d,g(un) ≤ g(Spn), for each n ≥ 1.
We next show GXn(Q,d,g) > g(Spn−1) for each n ≥ 2. Here note that every uλ
(λ ∈ Λ1) satisfies uλ · w = 0 for any w ∈ H2(X ;Z)/Tor, because uλ ∈ ker(ψ|X0)∗.
Suppose GXn(Q,d,g) ≤ g(Spn−1). Then there exists a basis {vλ | λ ∈ Λ} of
H2(Xn;Z)/Tor satisfying the following (i)–(v).
(i) v0 · v0 = S · S, v1 · v1 = 0, vi · vi = ui−1 · ui−1 (2 ≤ i ≤ k + 1).
(ii) v0 is represented by a smoothly embedded closed oriented surface of genus
g(Spn−1).
(iii) dT v1 is represented by a smoothly embedded torus.
(iv) Each vi (2 ≤ i ≤ k + 1) is represented by a smoothly embedded closed
oriented surface of genus g(ui−1).
(v) For any λ ∈ Λ1 and any w ∈ H2(Xn;Z)/Tor, they satisfy vλ · w = 0.
Since un is a basis, for each λ ∈ Λ, there exists a set {a
(λ)
µ ∈ Z | µ ∈ Λ} satisfying
vλ = a
(λ)
0 Spn + a
(λ)
1 T̂pn + a
(λ)
2 u1 + a
(λ)
3 u2 + · · ·+ a
(λ)
k+1uk +
∑
µ∈Λ1
a(λ)µ uµ,
where a
(λ)
µ = 0 all but finitely many µ’s. We may regard each vλ (λ ∈ Λ) as an
element of H2(Zn;Z) (up to torsion) through the inclusion Xn → Zn.
Theorem 2.5 gives a class K of H2(Zn;Z) such that
L+ := K + (pn − 1)PD([Tpn ]) and L
− := K − (pn − 1)PD([Tpn ])
are Seiberg-Witten basic classes of Zn. Applying the adjunction inequality to v0
and the basic classes L+ and L−, we get the inequalities below.
2g(Spn−1)− 2 ≥
∣∣∣〈K, v0〉+ dT (pn − 1)a(0)0 ∣∣∣+ S · S,
2g(Spn−1)− 2 ≥
∣∣∣〈K, v0〉 − dT (pn − 1)a(0)0 ∣∣∣+ S · S.
These inequalities imply
2g(Spn−1)− 2 ≥ dT (pn − 1)
∣∣∣a(0)0 ∣∣∣+ S · S.
The condition (iii) of pn in Definition 5.6 thus shows a
(0)
0 = 0. We next apply the
adjunction inequality to v1 and the basic classes L
+ and L−. We then get
0 =
∣∣∣〈K, v1〉+ dT (pn − 1)a(1)0 ∣∣∣ = ∣∣∣〈K, v1〉 − dT (pn − 1)a(1)0 ∣∣∣ .
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Since dT and pn− 1 are positive, this equality shows a
(1)
0 = 0. We finally apply the
adjunction inequality to each vi (2 ≤ i ≤ k + 1) and the basic classes L
+ and L−.
We then get the inequalities below.
2g(ui−1)− 2 ≥
∣∣∣〈K, vi〉+ dT (pn − 1)a(i)0 ∣∣∣+ ui−1 · ui−1,
2g(ui−1)− 2 ≥
∣∣∣〈K, vi〉 − dT (pn − 1)a(i)0 ∣∣∣+ ui−1 · ui−1.
These inequalities give
2g(ui−1)− 2 ≥ dT (pn − 1)
∣∣∣a(i)0 ∣∣∣ + ui−1 · ui−1.
The conditions (i) and (ii) of pn in Definition 5.6 thus show a
(i)
0 = 0 (2 ≤ i ≤ k+1).
The condition (v) of the basis {vλ | λ ∈ Λ} shows a
(λ)
0 = 0 for any λ ∈ Λ1. We
now have a
(λ)
0 = 0 for all λ ∈ Λ. This contradicts the assumption that {vλ | λ ∈ Λ}
is a basis of H2(Xn;Z)/Tor. 
This proposition and Lemma 5.8 clearly give the following.
Theorem 5.11. Assume that H2(X ;Z)/Tor is a free Z-module. Then the smooth
4-manifolds Xn (n ≥ 1) are all homeomorphic to X but mutually non-diffeomorphic
with respect to the given orientations.
We are now ready to prove Theorem 5.1.
Proof of Theorem 5.1. When H2(X ;Z)/Tor is a free module, Theorem 5.1 clearly
follows from the theorem above. We prove the general case, that is, we allow
H2(X ;Z)/Tor to be non-free module. We use the same definitions as in Defini-
tions 5.2, 5.3, 5.5, 5.6 and 5.7, except for the following (ψ|X0)∗ and FX0 . Let
(ψ|X0)∗ : H2(X
0;Z)→ H2(Z;Z)/Tor
be the homomorphism induced by the embedding ψ|X0 : X
0 → Z. Since
H2(X
0;Z)/ ker(ψ|X0)∗ ∼= Im (ψ|X0)∗
is a free Z-module, H2(X
0;Z) has a direct sum decomposition
H2(X
0;Z) = FX0 ⊕ ker(ψ|X0)∗,
where FX0 is a finitely generated free Z-module isomorphic to Im (ψ|X0)∗. Put
F0 = H2(N ;Z)⊕ FX0 and F1 = ker(ψ|X0)∗.
Similarly to the proof of Proposition 5.10, we can show GXn,F0,F1 6= GXm,F0,F1 for
any n 6= m (Consider the subset u′n = {Spn , T̂pn , u1, u2, . . . , uk} ∪ ker(ψ|X0)∗ of
H2(Xn;Z). Note that u
′
n is a generating set of H2(X ;Z)). Therefore the desired
claim follows. 
5.3. Construction 2: knot surgery. In this subsection, we construct infinitely
many distinct exotic smooth structures on X using knot surgery.
Recall Definitions 5.2 and 5.3. In this subsection, as an additional condition of
the nucleus (N, T ), we assume dT = 1.
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Definition 5.12. (1) Let K be a knot in S3, and let deg(△K) denote the maximal
degree of the symmetrized Alexander polynomial of K. Let SK be the primitive
class of H2(NK ;Z) which satisfies [T ] ·SK = 1 and SK ·SK = S ·S (see Lemma 3.7
and its proof).
(2) Regard SK as an element of H2(XK ;Z) through the homomorphism induced
by the inclusion. Define g(SK) by
g(SK) =
{
gXK (SK), if S · S ≥ 0.
max{gXK (SK), 1}, if S · S < 0.
We here define an infinite sequence Kn (n = 1, 2, . . . ) of knots in S
3. Roughly
speaking, the following conditions require that deg(△Kn) is sufficiently larger than
deg(△Kn−1) for each n (Such a sequence of knots is known to exist (cf. p.366 of
[19])).
Definition 5.13. Let K1 be the unknot in S
3. Let Kn (n ≥ 2) be an infinite
sequence of knots in S3 which satisfies the following conditions (i)–(iii).
(i) deg(△Kn) > deg(△Kn−1), for each n ≥ 2.
(ii) 2 deg(△K2) + ui · ui > 2g(ui)− 2, for each 1 ≤ i ≤ k.
(iii) 2 deg(△Kn) + S · S > 2g(SKn−1)− 2, for each n ≥ 2.
We are now ready to define the desired manifolds.
Definition 5.14. Let Yn (resp. Zn) (n ≥ 1) be the knot surgery of X (resp. Z)
along the torus T with the knot Kn.
Note that Y1 (resp. Z1) is diffeomorphic to X (resp. Z). The reason is as follows.
SinceK1 is unknot, S
3−ν(K1) is diffeomorphic to S
1×D2. Therefore Y1 is the 1-log
transform of X on the cusp neighborhood (cf. Remark 2.3). Hence Y1 ∼= X(1) ∼= X
(cf. [25]).
Similarly to the proof of Proposition 5.10, we obtain the following evaluation.
Proposition 5.15. Let (Q,d,g) be the one in Definition 5.9 (Note dT = 1 in this
case). Then the following inequalities hold.
• For each n ≥ 1, GYn(Q,d,g) ≤ g(SKn).
• For each n ≥ 2, g(SKn−1) < GYn(Q,d,g).
Consequently GYn 6= GYm for any n 6= m.
This proposition and Lemma 3.7 clearly provide us the following.
Theorem 5.16. Assume that H2(X ;Z)/Tor is a free Z-module and that dT = 1.
Then the smooth 4-manifolds Yn (n ≥ 1) are all homeomorphic to X, but mutually
non-diffeomorphic with respect to the given orientations.
Remark 5.17. Similarly to the proof of Theorem 5.1, we can prove Theorem 5.16
even when H2(X ;Z)/Tor is not a free Z-module. Note that, in this case, we need
to slightly modify the construction of Yn’s, similarly to the proof of Theorem 5.1.
5.4. Strengthening the constructions. In the previous subsections, we did not
exclude the possibility that some of the 4-manifolds are orientation reversing diffeo-
morphic. In this subsection, we exclude this possibility by restricting the conditions
of pn’s and Kn’s in Definitions 5.6 and 5.13.
Let (N, T ), X , Z be as in Definition 5.2. Recall the definitions of Xn’s and Yn’s
in Definitions 5.7 and 5.14. We here strengthen the constructions of these manifolds
as follows.
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Definition 5.18. Assume that the integer sequence pn (n ≥ 1) in Definition 5.6
further satisfies the following (vi) and (vii). Then define X̂n = Xn (n ≥ 1).
(vi) dT (p2 − 1)− ui · ui > 2g(ui)− 2, for each 1 ≤ i ≤ k.
(vii) dT (pn − 1)− S · S > 2g(Spn−1)− 2, for each n ≥ 2.
Definition 5.19. Assume that dT = 1 and that the sequence Kn (n ≥ 2) of knots
in Definition 5.13 further satisfies the following conditions (iv) and (v). Then define
Ŷn = Yn (n ≥ 1).
(iv) 2 deg(△K2)− ui · ui > 2g(ui)− 2, for each 1 ≤ i ≤ k.
(v) 2 deg(△Kn)− S · S > 2g(SKn−1)− 2, for each n ≥ 2.
Similarly to the proof of Proposition 5.10, we obtain the following stronger eval-
uations.
Proposition 5.20. Let (Q,d,g) be the one in Definition 5.9. Then the following
inequalities hold.
• For each n ≥ 1, G±
X̂n
(Q,d,g) ≤ g(Spn).
• For each n ≥ 2, g(Spn−1) < G
±
X̂n
(Q,d,g).
Consequently G±
X̂n
6= G±
X̂m
for any n 6= m.
Proposition 5.21. Let (Q,d,g) be the one in Definition 5.9 (Note dT = 1 in this
case). Then the following inequalities hold.
• For each n ≥ 1, G±
Ŷn
(Q,d,g) ≤ g(SKn).
• For each n ≥ 2, g(SKn−1) < G
±
Ŷn
(Q,d,g).
Consequently G±
Ŷn
6= G±
Ŷm
for any n 6= m.
These propositions provide us the stronger versions of Theorems 5.11 and 5.16.
Theorem 5.22. Assume that H2(X ;Z)/Tor is a free Z-module. Then the following
hold.
(1) X̂n (n ≥ 1) are all homeomorphic to X, but mutually non-diffeomorphic for
any orientations.
(2) Ŷn (n ≥ 1) are all homeomorphic to X, but mutually non-diffeomorphic for any
orientations.
5.5. Remarks. We conclude this section making some remarks.
(1) Modifying the constructions of X̂n’s and Ŷn’s similarly to the proof of The-
orem 5.1, we can show that Theorem 5.22 holds even when H2(X ;Z)/Tor is not a
free Z-module.
(2) The constructions of Xn’s, Yn’s, X̂n’s and Ŷn’s depend on the choice of the
embedding ψ : X → Z. When H2(X ;Z) is finitely generated (e.g. X is com-
pact)Cwe can arrange the constructions so that they do not depend on the choice
of ψ. See Remark 5.4.
(3) While we required the closed 4-manifold Z ⊃ X to be b+2 (Z) > 1 in The-
orem 5.1, the same claim also holds if π1(Z) ∼= 1, b
+
2 (Z) = 1 and b
−
2 (Z) ≤ 9.
For the log transform construction, this can be seen as follows (the knot surgery
case is similar). The adjunction inequality for the above Z was given, for example,
in [36], though the inequality was proved only for surfaces with the non-negative
self-intersection numbers. We can thus prove the desired claim by modifying the
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conditions of the integer sequence pn (n ≥ 1) and the proof of Proposition 5.10,
namely as follows. Choose the class S so that S · S > 0. Then consider a ba-
sis u′n = {Spn , T̂pn , u1 + l1Spn , u2 + l2Spn , . . . , uk + lkSpn} ∪ {uλ | λ ∈ Λ1} of
H2(Xn;Z)/Tor, where each li is an integer satisfying (ui + liSpn)
2 ≥ 0. Let
Q ∈ SymΛ(Z) be the intersection matrix given by the basis u
′
n, and let d ∈ Z
Λ be
the one in Definition 5.9. Since gXn(ui + liSpn) ≤ gX0(ui) + gN(pn)(liSpn), the rest
of the argument is similar, except that we use infinitely many different g ∈ ZΛ−{λ0}
to see differences of relative genus functions of Xn’s (n ≥ 1).
6. Compact Stein 4-manifolds
In this section, we briefly recall Stein 4-manifolds. For the definition of basic
terms and more details, the reader can consult [25] and [33]. In this paper, we use
Seifert framings and sometimes abbreviate them to framings. (When a knot goes
over 4-dimensional 1-handles, then convert the diagram into the dotted circle nota-
tion and calculate its Seifert framing (cf. [25]).) We use the following terminologies
in the rest of this paper.
Definition 6.1. (1) For a Legendrian knot K in #n(S1 × S2) (n ≥ 0), we denote
by tb(K) and r(K) the Thurston-Bennequin number and the rotation number of
K, respectively.
(2) We call a compact connected oriented 4-dimensional handlebody a 2-handlebody
if it consists of one 0-handle and 1- and 2-handles.
(3) We call a 2-handlebody a Legendrian handlebody if its 2-handles are attached
along an oriented framed Legendrian link in ∂(D4 ∪ 1-handles) = #n(S1 × S2)
(n ≥ 0). It is known that every 2-handlebody can be changed into a Legendrian
handlebody by an isotopy of the attaching link of 2-handles, and orienting its
components.
(4) We call a Legendrian handlebody a Stein handlebody if the framing of its each
2-handle K is tb(K)− 1.
Remark 6.2. For a given Legendrian knot, we can decrease its Thurston-Bennequin
number by an arbitrary positive integer, by locally adding “zig-zags” to the knot.
Next we recall the following useful theorem.
Theorem 6.3 (Eliashberg [11], Gompf [24]. cf. [25]). A compact, connected, ori-
ented, smooth 4-manifold admits a Stein structure if and only if it can be represented
as a Stein handlebody.
We call a compact smooth 4-manifold with a Stein structure a compact Stein
4-manifold.
Example 6.4. Gompf nucleus G(n) (n ≥ 2) admits a Stein handlebody decompo-
sition as shown in Figure 4.
One can similarly construct many other nuclei which admit Stein structures.
These Stein nuclei are useful to construct exotic smooth structures. See Section 8.
Compact Stein 4-manifolds are known to admit the following useful embeddings,
where minimal means that there exists no smoothly embedded 2-sphere with the
self-intersection number −1.
Theorem 6.5 (Lisca-Matic´ [28]). Every compact Stein 4-manifold can be embedded
into a minimal closed complex surface of general type with b+2 > 1.
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Figure 4. A Stein handlebody decomposition of G(n) (n ≥ 2).
Theorem 6.6 (Akbulut-Ozbagci [4]). Every compact Stein 4-manifold can be em-
bedded into a simply connected, minimal, closed, symplectic 4-manifold with b+2 > 1.
Proof. (simply connectedness). Since “simply connected” is not claimed in [4], we
explain only this part for completeness. We follow the proof in [4]. We first attach
2-handles to a given Stein 4-manifold to make it simply connected Stein 4-manifold.
Then we apply the procedure prescribed in [4]. Namely, we attach 2-handles to this
simply connected Stein 4-manifold so that it admits a Lefschetz fibration over D2.
As their construction shows, this fibration can be extended to a Lefschetz fibration
X → S2 by attaching F ×D2 (i.e. 2-, 3- and 4-handles), where F denotes a regular
fiber. As shown in [4], X is a (possibly non-minimal) closed symplectic 4-manifold
with b+2 > 1. Note that X and X − ν(F ) is simply connected. Taking the fiber
sum of two copies of X , we get a simply connected, minimal, closed, symplectic
4-manifold with b+2 > 1 by a theorem of Stipsicz [40]. 
Remark 6.7. Every closed symplectic 4-manifold with b+2 > 1 is known to have
the non-vanishing Seiberg-Witten invariant (cf. [25]). Furthermore, it is known
that every minimal closed complex surface of general type with b+2 > 1 has only
one Seiberg-Witten basic class up to sign and that the square of the basic class is
positive (see Theorems 3.4.22 and 3.4.19 of [25]).
7. Corks and W -modifications
In this section, we briefly recall corks ([1], [5]) and W -modifications ([6]).
7.1. Corks.
Definition 7.1. Let C be a compact contractible (Stein) 4-manifold with boundary
and τ : ∂C → ∂C an involution on the boundary. We call (C, τ) a cork if τ extends
to a self-homeomorphism of C, but cannot extend to any self-diffeomorphism of C.
For a cork (C, τ) and a smooth 4-manifold X which contains C, a cork twist of X
along (C, τ) is defined to be the smooth 4-manifold obtained from X by removing
the submanifold C and regluing it via the involution τ .
Note that Boyer’s theorem [9] tells that every self-diffeomorphism of the bound-
ary ∂C extends to a self-homeomorphism of C, in the case where C is a compact
contractible smooth 4-manifold.
Definition 7.2. Let Wn be the compact smooth 4-manifold in Figure 5. Let
fn : ∂Wn → ∂Wn be the diffeomorphism obtained by first surgering S
1 × D3 to
D2×S2 in the interior of Wn, then surgering the other embedded D
2×S2 back to
S1 ×D3 (i.e. replacing the dot and 0 in Figure 5).
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Figure 5. Wn
We can check that Wn is contractible and that fn is an involution as follows.
Changing the crossing of the attaching circle of the 2-handle of Wn as in the left
picture of Figure 6, we get Wn−1 by isotopy ([5]). Repeating this process (i.e. by
homotopy), we get W0(∼= D
4). Hence Wn is contractible. Since the diagram of
Wn is induced from a symmetric link, the 4-manifold obtained by replacing the dot
and 0 is diffeomorphic to Wn. Fixing the identification of Wn (hence, of ∂Wn) by
Figure 5, the diffeomorphism fn becomes an involution of ∂Wn.
Figure 6. Wn−1
Theorem 7.3 (Theorem 2.5 of [5]). For n ≥ 1, the pair (Wn, fn) is a cork.
7.2. W -modifications. In this subsection, we recall W -modifications introduced
in [6]. We first define them for smooth 2-handlebodies and later redefine them for
Legendrian handlebodies. In this paper, the words the “attaching circle of a 2-
handle” and a “smoothly embedded surface” are often abbreviated to a “2-handle”
and a “surface”, if they are clear from the context.
Definition 7.4. Let p be a positive integer, and let K be a 2-handle of a (smooth)
2-handlebody X . Take a small segment of the attaching circle of K as in the first
row of Figure 7.
We call the local operations shown in the left and the right side of Figure 7 a
W+(p)-modification to K and a W−(p)-modification to K, respectively. Here we
do not change the framing of K (ignore the orientations shown in the figure). They
are clearly related by a cork twist along (W1, f1) as shown in the figure.
We will call the 0-framed 2-handle γ on the left (or right) side of the Figure 7 the
auxiliary 2-handle of the W±(p)-modification of K. We will use the same symbol
K for the new 2-handle obtained from the original K of X by the modification.
For convenience, we refer the W+(0)- and W−(0)-modifications as undone op-
erations. For brevity, sometimes we will call these operations W+- and W−-
modifications when we do not need to specify the coefficients, or call them as
W -modifications when we do not need to specify both the coefficient and ±.
Similarly we can talk about W±(p)-modification for any cork (W, f) coming
from a symmetric link. However, for simplicity, we will discuss the effects of W -
modifications only when (W, f) = (W1, f1).
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Figure 7. W±(p)-modifications (p ≥ 1) (the framing of K is unchanged)
It is easy to check the following lemmas.
Lemma 7.5 (Proposition 4.2 of [6]). Let X be a 2-handlebody. Then any W -
modification to X does not change the isomorphism classes of the fundamental
group, the integral homology groups, the integral homology groups of the boundary
∂X, and the intersection form of X.
Lemma 7.6 (Proposition 4.5 of [6]). Let X be a 2-handlebody. Let X+ (resp. X−)
be the 2-handlebody obtained from X by applying a W+-modification (resp. W−-
modification). Then X+ and X− can be embedded into X. Furthermore, X can be
embedded into X−.
Next we define Legendrian versions of W -modifications for Legendrian handle-
bodies (recall Definition 6.1).
Let K be a 2-handle of a Legendrian handlebody. Take a small segment of the
attaching circle of K as in the first row of Figure 9. Without loss of generality, we
may assume that the orientation of the segment of K is from the left to the right
(Otherwise locally apply the Legendrian isotopy in Figure 8. Note that this isotopy
does not change the Thurston-Bennequin number and the rotation number).
Figure 8. Legendrian isotopy
Definition 7.7. Let p be a positive integer. We call the local operations shown in
the left and the right side of Figure 9 a W+(p)-modification to K and a W−(p)-
modification to K, respectively. Here we orient the 2-handles as in the figure.
Hence, each operation produces a new Legendrian handlebody from a given Legen-
drian handlebody. When we see Legendrian handlebodies as smooth handlebodies,
these definitions and the orientations are consistent with those in Definition 7.7
and Figure 7 (We can check this just by converting the 1-handle notation). Note
that the auxiliary 2-handle γ to any W+(p)- (resp. W−(p)-) modification satisfies
the following: its framing is 0 (resp. 0); tb(γ) = 2 (resp. tb(γ) = 1); r(γ) = 0 (resp.
r(γ) = 1).
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Figure 9. W+(p)- and W−(p)-modification (p ≥ 1). Every fram-
ing is Seifert framing. The framing of K is unchanged.
The above definition clearly gives the following.
Proposition 7.8 ([6]). Let K be a 2-handle of a Legendrian handlebody.
(1) Every W+(p)-modification to K has the following effect.
• tb(K) is increased by p, and r(K) is unchanged.
(2) Every W−(p)-modification to K has the following effect.
• tb(K) and r(K) are unchanged.
8. Exotic smooth structures on 4-manifolds with boundary
In this section, applying Theorem 1.1, we show that many compact 4-manifolds
with boundary admit infinitely many distinct exotic smooth structures after W+-
modifications. Namely, we prove the following, which is a restatement of Theo-
rem 1.3.
Theorem 8.1. Let X be a 2-handlebody which contains a nucleus N as a subhan-
dlebody. Suppose that N admits a Stein structure. Then, there exists a compact
connected oriented smooth 4-manifold X0 which satisfies the following.
(1) X0 admits infinitely many distinct exotic smooth structures.
(2) The fundamental group, the integral homology groups, the integral homology
groups of the boundary, and the intersection form of X0 are isomorphic to those of
X.
(3) X0 (resp. X) can be embedded into X (resp. X0).
Proof. Since N admits a Stein structure, we may assume that the subhandlebody
N itself is a Stein handlebody (if necessary by changing the decomposition of N).
Let L1, L2, . . . , Lk denote all the 2-handles of X except those of N . By isotopy
of the attaching circles of L1, L2, . . . , Lk, we may assume that X is a Legendrian
handlebody (cf. Section 4.2 of [33]). Note that we keep the Stein handle decompo-
sition of N unchanged. We next applyW+(pi)-modification to each Li (1 ≤ i ≤ k),
where pi is a sufficiently large integer. Then we can add zig-zags to each Li and
each auxiliary 2-handle so that the Seifert framings of the resulting 2-handles are
one less than their Thurston-Bennequin numbers. The resultant handlebody (say
X1) is clearly a Stein handlebody and contains the nucleus N . Hence, we can
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embed X1 into a closed symplectic 4-manifold with b
+
2 > 1. Theorem 1.1 thus
shows that X1 admits infinitely many exotic smooth structures. Let X0 be the 4-
manifold obtained from X1 by replacing the each W
+(pi)-modification (1 ≤ i ≤ k)
to W−(pi)-modification. Namely, X0 is the 4-manifold obtained from X1 by cork
twists along disjoint copies of W1. X1 is thus homeomorphic to X0. Hence the
claim (1) follows. Lemmas 7.5 and 7.6 clearly give the claims (2) and (3). 
This theorem immediately gives the following.
Corollary 8.2. Let Y be a 2-handlebody, and let N be a nucleus which admits a
Stein structure. Put X = Y ♮N . Then there exists a compact connected oriented
smooth 4-manifold X0 which satisfies (1)–(3) of Theorem 8.1.
Since every finitely presented group (resp. integral symmetric bilinear form Zk×
Zk → Z (k ≥ 0)) is realized as the fundamental group (resp. intersection form) of
a 2-handlebody, we have the following corollary. Note that (1) also follows from a
result of Park [37].
Corollary 8.3. (1) Let G be any finitely presented group. Then there exists a
compact connected oriented smooth 4-manifold with boundary such that it admits
infinitely many distinct exotic smooth structures and that its fundamental group is
isomorphic to G.
(2) Let Q : Zk × Zk → Z (k ≥ 0) be any integral symmetric bilinear form, and
let R : Z2 × Z2 → Z be any integral, indefinite, unimodular symmetric bilinear
form. Then there exists a simply connected compact oriented smooth 4-manifold
with boundary such that it admits infinitely many distinct exotic smooth structures
and that its intersection form is isomorphic to Q⊕R.
Remark 8.4. Akbulut and the author [6] recently constructed finitely many smooth
structures on 4-manifolds with boundary and with b2 ≥ 1, using W -modifications.
However, to the author’s knowledge, there are no examples of compact 4-manifolds
with b2 = 1 which admits infinitely many exotic smooth structures. Since Akbu-
lut [3] proved that knot surgery produces at least one exotic smooth structure of
the cusp neighborhood C, it is interesting to see whether knot surgery produces
infinitely many exotic smooth structures on C.
9. 3-manifolds bounding exotic 4-manifolds
To state the results simply and precisely, we recall the following convention. For
a closed oriented 3-manifold M and an oriented 4-manifold X , we say “M bounds
X” if the oriented boundary of X is diffeomorphic to M .
In this section, we prove that many 3-manifolds bound (simply connected) 4-
manifolds which admit infinitely many smooth structures, applying Theorem 1.1.
Namely, we show that many 3-manifolds bound (simply connected) 4-manifolds
satisfying the assumption of Theorem 1.1.
A compact connected oriented 3-manifoldM is said to be Stein fillable if there ex-
ists a compact connected Stein 4-manifold whose boundary is orientation preserving
diffeomorphic to M . We first prove the following theorem, which is a restatement
of Theorem 1.5.
Theorem 9.1. (1) Every Stein fillable 3-manifold bounds a simply connected com-
pact oriented smooth 4-manifold which admits infinitely many distinct smooth struc-
tures.
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(2) Let n be any positive integer, and let M1,M2, . . . ,Mn be any Stein fillable
3-manifolds. Then the disjoint union M =
∐n
i=1Mi bounds a simply connected
compact oriented smooth 4-manifold which admits infinitely many distinct smooth
structures.
Proof. (1) Let M be a Stein fillable 3-manifold, and let M˜ be a Stein handlebody
with ∂M˜ ∼= M . Convert the 1-handle notation of the handlebody diagram of M˜
into the dotted circle notation. This naturally gives a framed link L in S3 such
that the Dehn surgery along L gives M . Here recall the Wirtinger presentation
of π1(S
3 − int ν(L)). This group is generated by a link (say m) which consists of
meridians of L (cf. Exercise 5.2.2.(b) of [25]). SinceM is obtained from S3−int ν(L)
by attaching 3-dimensional 2- and 3-handles, the linkm inM also generates π1(M).
Attach 4-dimensional 2-handles to M˜ along a Legendrianization of the link m so
that the resulting handlebody (say Y ) is a Stein handlebody. This construction
shows π1(Y − int M˜) ∼= 1.
Let N be a nucleus which admits a Stein structure (e.g. Gompf nucleus G(n)
(n ≥ 2)). The boundary sum Y ♮N clearly admits a Stein handle decomposition.
We can thus embed Y ♮N into a closed symplectic 4-manifold Z with b+2 > 1, using
a method of Akbulut-Ozbagci in [4]. Their method (cf. the proof of Theorem 6.6)
allows us to assume that Z is obtained from Y ♮N by attaching 2-, 3-, and 4-handles
only. Note that we do not assume the minimality of Z. Since π1((Y ♮N)− int M˜) ∼=
1, the 4-manifold X := Z − int M˜ is simply connected.
Theorem 1.1 shows that X (hence the reverse orientation X of X) has infinitely
many distinct exotic smooth structures, because X contains the nucleus N and is
embedded into Z. Note ∂X ∼=M .
(2) LetMi (1 ≤ i ≤ n) andM be as in the assumption, and let M˜i (1 ≤ i ≤ n) be
a Stein handlebody with ∂M˜i ∼=Mi. Similarly to (1), for each 1 ≤ i ≤ n, we obtain
a Stein handlebody Yi such that Yi contains M˜i and that π1(Yi − int M˜i) ∼= 1. Let
M˜ denote the disjoint union
∐n
i=1 M˜i, and let Y denote the boundary sum ♮
n
i=1Yi.
Let N be a nucleus which admits a Stein structure. Then the boundary sum
Y ♮N is clearly a Stein handlebody. Note that the complement (Y ♮N) − int M˜(=
N♮ni=1(Yi − int M˜i)) is simply connected. Similarly to (1), a method of Akbulut-
Ozbagci in [4] gives a closed symplectic 4-manifold Z with b+2 > 1 such that Z
contains Y ♮N and that X := Z − int M˜ is simply connected. Since X contains
the nucleus N and is embedded into Z, Theorem 1.1 shows that X (hence the
reverse orientation X) admits infinitely many distinct exotic smooth structures.
Note ∂X ∼=M . 
We extend this theorem to more general 3-manifolds, ignoring simple connectiv-
ity of 4-manifolds. Here we briefly recall weakly symplectically fillable 3-manifolds.
For details, the reader can consult [33]. A compact symplectic manifold (X,ω) is
said to have weakly convex boundary if its boundary ∂X admits a contact structure
ξ such that ω|ξ > 0. A closed oriented 3-manifold M is said to be weakly symplec-
tically fillable if M bounds a compact symplectic 4-manifold with weakly convex
boundary. Such a symplectic 4-manifold is called a weak symplectic filling of M . It
is known that a compact Stein 4-manifold is a symplectic 4-manifold with weakly
convex boundary. Stein fillable 3-manifolds are thus weakly symplectically fillable.
For the following Theorem 9.2.(2), see also the schematic picture in Figure 10.
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Theorem 9.2. (1) Every connected weakly symplectically fillable 3-manifold bounds
a compact connected oriented smooth 4-manifold which admits infinitely many dis-
tinct smooth structures.
(2) Let n andm1,m2, . . . ,mn be any positive integers. Let eachM
(i)
j (i ∈ {1, 2, . . . , n},
j ∈ {1, 2, . . .mi}) be a connected oriented closed 3-manifold. Let M denote the dis-
joint union
∐n
i=1(#
mi
j=1M
(i)
j ). Assume that, for each 1 ≤ i ≤ n, the disjoint union∐mi
j=1M
(i)
j bounds a compact connected oriented smooth 4-manifold Yi. Assume
further that the disjoint union Y :=
∐n
i=1 Yi can be embedded into a compact con-
nected symplectic 4-manifold with weakly convex boundary. Then M bounds a com-
pact connected oriented smooth 4-manifold which admits infinitely many distinct
smooth structures.
Figure 10. A schematic picture of Theorem 9.2.(2) (dimM = 1)
Proof. (1) Let M be a weakly symplectically fillable 3-manifold, and let M˜ be a
weak symplectic filling of M . The contact 3-manifold ∂M˜ =M is represented by a
contact (±1)-surgery along a Legendrian link L in the standard contact S3 ([10]).
Attach two 2-handles to ∂M˜ along the framed Legendrian link as shown in Figure 4,
where we draw the link in a 3-ball away from L in S3 (the framings in the figure
are the Seifert framings.). The resulting 4-manifold is clearly the boundary sum
M˜♮G(n) (n ≥ 2). According to a theorem of Weinstein [42] (see also Theorem 5.8
of [14]), this construction ensures that M˜♮G(n) admits a symplectic structure with
weakly convex boundary. By a theorem of Eliashberg [12] and Etnyre [13], we can
embed M˜♮G(n) into a closed symplectic 4-manifold Z with b+2 > 1. (The b
+
2 > 1
condition is easily verified by using an embedding of M˜♮G(n)♮G(n).) Theorem 1.1
thus shows that X := Z − int M˜ admits infinitely many distinct exotic smooth
structures. Note ∂X ∼=M .
(2) Let S be a compact connected symplectic 4-manifold with weakly convex
boundary which contains Y . Similarly to the proof of (1), we obtain a closed con-
nected symplectic 4-manifold Z with b+2 > 1 which contains S♮G(k) (k ≥ 2). Put
Mi = #
mi
j=1M
(i)
j (1 ≤ i ≤ n) and Z
0 = Z − intY . Since each Yi (1 ≤ i ≤ n)
is path connected, we can take a path γ
(i)
j ⊂ Yi which connects points of M
(i)
1
and M
(i)
j , for each 2 ≤ j ≤ mi. By dimensional reason, we may assume that
γ
(i)
2 , γ
(i)
3 , . . . , γ
(i)
mi are smoothly embedded mutually disjoint paths in Yi. Taking
their regular neighborhoods, we get the corresponding (mi − 1) mutually disjoint
4-dimensional 1-handles γ̂
(i)
2 , γ̂
(i)
3 , . . . , γ̂
(i)
mi ⊂ Yi for each 1 ≤ i ≤ n. The attaching
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region of each γ̂
(i)
j is located in M
(i)
1
∐
M
(i)
j . Note that these 1-handles naturally
give the connected sum Mi = #
mi
j=1M
(i)
j embedded in Yi. Using these 1-handles
γ̂
(i)
2 , γ̂
(i)
3 , . . . , γ̂
(i)
mi (1 ≤ i ≤ n), we join connected components of Z
0 in Z. Let X be
the resulting compact oriented smooth 4-manifold. This construction shows that,
for each 1 ≤ i ≤ n, M
(i)
1 ,M
(i)
2 , . . . ,M
(i)
mi belong to the same connected component
of X . Since ∂Yi =
∐mi
j=1M
(i)
j , this shows that the number of connected compo-
nents of X is the same as that of X ∪ (
∐n
i=1 Yi). Thus X is connected, because
X ∪ (
∐n
i=1 Yi) = Z. Note that X contains the nucleus N and that ∂X =M . The-
orem 1.1 thus shows that X admits infinitely many distinct smooth structures. 
Corollary 9.3. Let M be a weakly symplectically fillable 3-manifold. Then M#M
bounds a compact connected oriented smooth 4-manifold which admits infinitely
many distinct smooth structures.
Proof. Let M˜ be a weak symplectic filling of M . Note that Y = M × [0, 1] is
embedded into M˜ and that ∂Y = M
∐
M . Thus, the desired claim follows from
Theorem 9.2.(2). 
This corollary provides non weakly symplectically fillable 3-manifolds bounding
4-manifolds which admit infinitely many smooth structures.
Example 9.4. Let Σ(2, 3, 5) denote the Poincare´ homology sphere. Since Σ(2, 3, 5)
is Stein fillable, the above corollary shows that Σ(2, 3, 5)#Σ(2, 3, 5) bounds a com-
pact connected oriented smooth 4-manifold which admits infinitely many distinct
smooth structures. Note that Σ(2, 3, 5)#Σ(2, 3, 5) is not weakly symplectically fil-
lable (hence, non Stein fillable) for both orientations ([27]).
10. Non-existence of Stein structures
In this section, we show that log transform and knot surgery do not produce
compact Stein 4-manifolds under a mild condition.
Lemma 10.1. Let X be a compact connected oriented smooth 4-manifold (possibly
with boundary) which contains a torus T . Let X(p) (p ≥ 1) and XK be the p-log
transform along T and the knot surgery along T with a knot K, respectively. Then
the following hold.
(1) Assume that T is a c-embedded torus. Then [T ] is non-torsion in H2(X ;Z) if
and only if [Tp] is non-torsion in H2(X(p);Z).
(2) [T ] is non-torsion in H2(X ;Z) if and only if [T ] is non-torsion in H2(XK ;Z),
where the last [T ] denotes the class of a parallel copy of the original T . (This holds
even when T ⊂ X is not c-embedded.)
Proof. (1) Applying the p-log transform procedure in Figure 17 of [5] to the cusp
neighborhood C, we easily see π1(C(p)) ∼= Z/pZ. The Mayer-Vietoris exact se-
quences for X = (X − intC) ∪ C and X(p) = (X − intC(p)) ∪ C(p) thus imply
b1(X(p)) = b1(X).
Suppose that [T ] is non-torsion in H2(X ;Z). We show that [Tp] is non-torsion in
H2(X(p);Z). It suffices to see that the homomorphism H2(ν(Tp);Q)→ H2(X(p);Q)
induced by the inclusion is injective.
(i) The case where X is closed. Suppose that the above homomorphism is not
injective, thus, a 0-map. Then we can easily show b3(X(p)) = b3(X(p)) − 1 by
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using two homology exact sequences for the pairs (X, ν(T )) and (X(p), ν(Tp)) (Note
H∗(X, ν(T )) ∼= H∗(X(p), ν(Tp))). Since X and X(p) are closed 4-manifolds, we have
b1(X(p)) = b3(X(p)) and b1(X) = b3(X). We thus get b1(X(p)) 6= b1(X), which is a
contradiction. Hence the homomorphism H2(ν(Tp);Q)→ H2(X(p);Q) is injective.
(ii) The case where X has non-empty boundary. Take a double DX of X
to form a closed 4-manifold. The Mayer-Vietoris exact sequence shows that the
inclusion induced homomorphism H2(X ;Q) → H2(DX ;Q) is injective. The re-
quired claim in the closed case thus shows that the inclusion induced homomor-
phism H2(ν(Tp);Q)→ H2((DX)(p);Q) is injective. Therefore, the homomorphism
H2(ν(Tp);Q)→ H2(X(p);Q) is injective.
Conversely, suppose that [Tp] is non-torsion in H2(X(p);Z). Then the same
argument as above shows that H2(ν(T );Q)→ H2(X ;Q) is injective.
(2) By the gluing condition of knot surgery, we can easily check b1(XK) =
b1(X) using the Mayer-Vietoris exact sequences. Let TK be the torus given in
Definition 2.6. The natural inclusion induces an isomorphism H2(ν(TK);Q) →
H2((S
3 − ν(K)) × S1;Q). Note that [TK ] = [T ] in H2(XK ;Q) and that H∗((S
3 −
ν(K)) × S1;Q) ∼= H∗(T
2 ×D2;Q). The following conditions (a) and (b) are thus
equivalent: (a) The inclusion induced homomorphism H2(ν(T );Q) → H2(XK ;Q)
is injective; (b) The inclusion induced homomorphism H2((S
3 − ν(K))× S1;Q)→
H2(XK ;Q) is injective. Since H∗(X, ν(T )) ∼= H∗(XK , (S
3 − ν(K)) × S1), the rest
of the proof is similar to the (1) case. 
Remark 10.2. If T is not c-embedded, Lemma 10.1.(1) does not always hold. For
example, put T = T 2 × {pt.} in T 2 × S2. Then, applying the procedure in [5], we
easily see that the p-log transform (p ≥ 1) of T 2 × S2 is diffeomorphic to S1 × S3.
Consequently [Tp] = 0, while [T ] is non-torsion in H2(T
2 × S2;Z).
Lemma 10.3. Let X be a compact connected oriented smooth 4-manifold with
boundary which contains a cusp neighborhood. Then the reverse orientation X of
X does not admit any Stein structure.
Proof. By the assumption, the boundary sum X♮G(n) (n ≥ 2) contains the bound-
ary sum C♮G(n), where G(n) and C denote the Gompf nucleus and the reverse
orientation of C, respectively. A handlebody picture of C♮G(n) is given in Fig-
ure 11. Sliding the right trefoil knot over the left trefoil knot, we get a 0-framed
ribbon knot. This ribbon knot gives a smoothly embedded sphere Σ ⊂ C♮G(n) with
Σ · Σ = 0. Now suppose that X admits a Stein structure. Then X♮G(n) admits
a Stein structure, because G(n) also admits a Stein structure (Example 6.4). We
can thus embed the Stein 4-manifold X♮G(n) into a closed symplectic 4-manifold
Z with b+2 > 1. Note that the sphere Σ represents a non-torsion class of H2(Z;Z),
because it algebraically intersects with the obvious sphere with the self-intersection
number −n. Since [Σ] · [Σ] = 0, this contradicts the adjunction inequality. 
The following is a restatement of Theorem 1.6.
Theorem 10.4. Let X be a compact connected oriented smooth 4-manifold with
boundary which contains a c-embedded torus T . Assume that [T ] is non-torsion
in H2(X ;Z). Let X(p) and XK denote the p-log transform along T and the knot
surgery along T with a knot K, respectively. Then the following hold.
(1) For p ≥ 2, X(p) does not admit any Stein structure for both orientations.
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Figure 11. C♮G(n)
(2) For any knot K in S3 with the non-trivial Alexander polynomial, XK does not
admit any Stein structure for both orientations.
We give two proofs of this theorem, using two different embeddings of a Stein
4-manifold. Namely, Lisca-Matic´’s embedding into a minimal complex surfaces of
general type and Akbulut-Ozbagci’s embedding into a closed symplectic 4-manifold.
While our second proof is a little more technical, we hope that the second proof is
useful to show non-existence of some other structures under some conditions, since
a symplectic 4-manifold with weakly convex boundary also can be embedded into
a closed symplectic 4-manifold ([12], [13]).
Proof 1 of Theorem 10.4. (1) By Lemma 10.1, [Tp] is non-torsion in H2(X(p);Z).
Suppose that X(p) with the orientation induced from X admits a Stein structure.
Then X(p) has a Stein handlebody decomposition. Attach a 2-handle along the
meridian of the attaching circle of each 2-handle of the Stein handlebody X(p) so
that the resulting manifold (say Y(p)) is a Stein handlebody. Theorem 6.5 thus
gives a minimal complex surface (say Z(p)) of general type and with b
+
2 > 1 which
contains Y(p) ⊃ X(p). The construction of Y(p) ensures that [Tp] is non-torsion in
H2(Z(p);Z).
Since X(p) is the p-log transform of X along T , reversing this operation along Tp
in Z(p), we obtain a closed oriented smooth 4-manifold (say Z) which contains X .
Note that Z(p) is the p-log transform of Z along the c-embedded torus T in X ⊂ Z.
Since [Tp] is non-torsion in H2(Z(p);Z), Lemma 10.1 shows that [T ] is non-torsion
in H2(Z;Z). It is easy to see b
+
2 (Z) > 1. Theorem 2.5 thus gives a class K of
H2(Z(p);Z) such that
L1 := K + (p− 1)PD([Tp]) and L2 := K − (p− 1)PD([Tp])
are Seiberg-Witten basic classes of Z(p), because the Seiberg-Witten invariant of
the complex surface Z(p) does not vanish. Since [Tp] is non-torsion, we get L1 6= L2.
Since the minimal complex surface Z of general type has only one basic class up
to sign (Remark 6.7), we have L1 + L2 = 0. This shows 2K = 0. Applying
the adjunction inequality to L1 and [Tp], we get 〈K, [Tp]〉 = 0. The square of
L1 is thus zero. This is a contradiction (see Remark 6.7). Hence X(p) does not
admit any Stein structure. Since X(p) still contains (a smaller copy of) the cusp
neighborhood, Lemma 10.3 shows that the reverse orientation X(p) of X(p) admits
no Stein structures.
The proof of (2) is similar to the above. 
Proof 2 of Theorem 10.4. (1) By Lemma 10.1, [Tp] is non-torsion in H2(X(p);Z).
Suppose that X(p) with the orientation induced from X admits a Stein structure.
Then X(p) has a Stein handlebody decomposition. For each 2-handle K of the
Stein handlebody X(p), take a small segment of the attaching circle and attach
NUCLEI AND EXOTIC 4-MANIFOLDS 29
a 2-handle as in Figure 12. The resulting manifold (say Y(p)) is clearly a Stein
handlebody. Theorem 6.6 thus gives a closed symplectic 4-manifold (say Z(p)) with
b+2 > 1 which contains Y(p). The construction of Y(p) ensures the existence of a
smoothly embedded sphere S in Z(p) which satisfies [S] · [S] = −2 and [S] · [Tp] ≥ 3.
Reversing the p-log transform operation along Tp in Z(p), we obtain a closed
oriented smooth 4-manifold (say Z) which contains X . Note that Z(p) is the p-log
transform of Z along the c-embedded torus T in X ⊂ Z. Since the Seiberg-Witten
invariant of the symplectic 4-manifold Z(p) does not vanish, Theorem 2.5 gives a
class K of H2(Z(p);Z) such that K +(p− 1)PD([Tp]) and K− (p− 1)PD([Tp]) are
Seiberg-Witten basic classes of Z(p). Applying the adjunction inequality to these
basic classes and the sphere S, we get the following inequalities:
| 〈K, [S]〉+ (p− 1)[Tp] · S | − 2 ≤ 0,
| 〈K, [S]〉 − (p− 1)[Tp] · S | − 2 ≤ 0.
This gives −2 ≤ [S] · [Tp] ≤ 2, which contradicts the fact [S] · [Tp] ≥ 3. Hence
X(p) does not admit any Stein structure. Since X(p) still contains (a smaller copy
of) the cusp neighborhood, Lemma 10.3 shows that the reverse orientation X(p) of
X(p) admits no Stein structures.
The proof of (2) is similar to (1). 
Figure 12.
Remark 10.5. (1) In the p ≥ 3 (resp. deg(△K) ≥ 2) case, we can simplify the
first proof as follows. Since [Tp] (resp. [T ]) is non-torsion in H2(Z(p);Z) (resp.
H2(ZK ;Z)), Theorem 2.5 (resp. Theorem 2.8) implies that the number of Seiberg-
Witten basic classes of Z(p) (resp. ZK) is larger than two. This is a contradiction.
(2) If Theorem 2.8 holds for non c-embedded torus, the above proofs show that
Theorem 10.4.(2) holds even when T is not c-embedded. On the other hand, The-
orem 10.4.(1) does not always hold when T is not c-embedded. Actually, any log
transform of T 2×D2 along the obvious torus produces T 2×D2 itself, because any
self-diffeomorphism of the boundary S1×S1×S1 extends to a self-diffeomorphism
of its color neighborhood S1×S1× S1× [0, 1]. T 2×D2 is known to admit a Stein
structure.
11. Stein 4-manifolds and non-Stein 4-manifolds
In this section we construct arbitrary many Stein 4-manifolds and infinitely many
non-Stein 4-manifolds which are all homeomorphic but mutually non-diffeomorphic.
Namely, we prove the following theorem, which is a restatement of Theorem 1.7.
Theorem 11.1. Let X be a 2-handlebody which contains a nucleus N as a sub-
handlebody. Suppose that N admits a Stein structure. Then for each integer
n ≥ 1, there exist infinitely many compact connected oriented smooth 4-manifolds
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Xi (i = 0, 1, 2, . . . ) which satisfies the following.
(1) Xi (i ≥ 0) are all homeomorphic but mutually non-diffeomorphic.
(2) Each Xi (1 ≤ i ≤ n) admits a Stein structure, and any Xi (i ≥ n+ 1) admits
no Stein structure.
(3) The fundamental group, the integral homology groups, the integral homology
groups of the boundary, and the intersection form of each Xi (i ≥ 0) are isomor-
phic to those of X.
(4) X can be embedded into X0.
(5) Each Xi (0 ≤ i ≤ n) can be embedded into X.
Note that Akbulut and the author [6] recently constructed arbitrary many Stein
4-manifolds and arbitrary many non-Stein 4-manifolds which are all homeomorphic
but mutually non-diffeomorphic. (The following claim is a simplification of the
claims of Theorem 10.1 and Remark 10.7 of [6]. While (4) and (5) are not clearly
stated in [6], we can easily check from the proof of Theorem 10.1 in [6].)
Theorem 11.2 (Theorem 10.1 and Remark 10.7 of [6]). Let X be a 2-handlebody
with b2 ≥ 1, and let Y be the boundary sum X♮(S
2 × D2). Then, for each
n ≥ 1, there exist compact connected oriented smooth 4-manifolds Y0, Y1, . . . , Y2n
which satisfies the following. (Furthermore, the same claim also holds in the Y =
X♮(CP2 − intD4) case.)
(1) Yi (0 ≤ i ≤ 2n) are mutually homeomorphic but non-diffeomorphic.
(2) Every Yi (1 ≤ i ≤ n) admits a Stein structure, and any Yj (n + 1 ≤ j ≤ 2n)
admits no Stein structure.
(3) The fundamental groups, the integral homology groups, the integral homology
groups of the boundary, and the intersection forms of every Yi (0 ≤ i ≤ 2n) are
isomorphic to those of Y .
(4) Y can be embedded into Y0.
(5) Each Yi (0 ≤ i ≤ 2n) can be embedded into Y .
To prove Theorem 11.1, we recall the following theorem of Akbulut and the
author [6].
Theorem 11.3 (Theorem 1.1 of [6]). Let X be any 2-handlebody with b2 ≥ 1. Then
for each integer n ≥ 1, there exist compact connected oriented smooth 4-manifolds
X0, X1, . . . , Xn which satisfies the following.
(1) The fundamental group, the integral homology groups, the integral homology
groups of the boundary, and the intersection form of each Xi (0 ≤ i ≤ n) are
isomorphic to those of X.
(2) Xi (0 ≤ i ≤ n) are all homeomorphic but mutually non-diffeomorphic.
(3) Each Xi (1 ≤ i ≤ n) admits a Stein structure.
(4) X can be embedded into X0.
(5) Each Xi (0 ≤ i ≤ n) can be embedded into X.
We here briefly summarize the construction of the above Xi’s in Section 5 of [6],
emphasizing not their Stein handlebody decompositions but their smooth handle-
body decompositions. Recall the following terminology of [6].
Definition 11.4. (1) A Legendrian handlebody X is said to be a good Legendrian
handlebody if the following two conditions are satisfied.
(i) Some 2-handles K1,K2, . . . ,Ks of the handlebody X does not algebraically
go over any 1-handles.
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(ii) The homology classes given by 2-handles K1,K2, . . . ,Ks span a basis of
H2(X ;Z).
(2) A Stein handlebody is said to be a good Stein handlebody if it satisfies the
above conditions (i) and (ii).
Each Xi (0 ≤ i ≤ n) in Theorem 11.3 is obtained from X , roughly, by the follow-
ing Steps (I)–(III). (These steps are simplified and little different from the original
construction. However, the resulting Legendrian handlebodies X0, X1, . . . , Xn are
the same.)
(I) By sliding 2-handles and isotopy, change the given 2-handlebody X into a
good Legendrian handlebody. Let K0,K1, . . . ,Kl denote all the 2-handles
of X . We assume that K0 does not go over any 1-handles.
(II) ApplyW−(p1)-,W
−(p2)-, . . . ,W
−(pn)-modifications toK0 (see Figure 13).
Here we may choose p1 to be an arbitrary large integer. Also, we may
choose each pi (2 ≤ i ≤ n) so that pi − pi−1 is arbitrary large. Next apply
a W−(qj)-modification to each 2-handle Kj (1 ≤ j ≤ l) (see Figure 14).
We may choose each qj (1 ≤ j ≤ l) to be an arbitrary large integer. Let
X0 denote the resulting Legendrian handlebody. (Beware that this X0
corresponds to X
(n)
−1 in Section 5 of [6].)
(III) Fix an integer i with 1 ≤ i ≤ n. Replace the W−(pi)-modification applied
to K0 with the corresponding W
+(pi)-modification (i.e. twist the cork W1,
see Figure 13). Also, for each 1 ≤ j ≤ l, replace the W−(qj)-modification
applied to Kj with the corresponding W
+(qj)-modification (i.e. twist the
cork W1, see Figure 14.). Finally add zig-zags to all the 2-handles so that
the handlebody becomes a Stein handlebody and that it satisfies certain
conditions with respect to the Thurston-Bennequin numbers and the rota-
tion numbers. The result of X is the Xi in Theorem 11.3.
Keeping these steps in mind, we prove Theorem 11.1.
Proof of Theorem 11.1. Let X,N, n be as in the assumption. Since N admits a
Stein structure, we may assume that the subhandlebody N itself is a Stein handle-
body (if necessary by changing the decomposition ofN). We carefully apply Step (I)
toX as follows. LetK0,K1, . . . ,Ks denote all the 2-handles of the Stein handlebody
N , and let Ks+1,Ks+2, . . . ,Kl denote all the other 2-handles of X . Since N is sim-
ply connected, we may assume that each Kj (s+ 1 ≤ j ≤ l) does not algebraically
go over any 1-handles of N , if necessary, by sliding the Kj over K0,K1, . . . ,Ks.
Moreover, if necessary by sliding and isotoping handles Ks+1,Ks+2, . . . ,Kl, we
may assume that X −{K0,K1, . . . ,Ks} is a good Legendrian handlebody and that
X is a Legendrian handlebody (cf. Section 4.2 of [33]). Note that we keep handles
of N unchanged yet. Hence this Legendrian handlebody X still contains the Stein
handlebody N as a subhandlebody.
Now we slide and isotope handles K0,K1, . . . ,Ks of N so that X becomes a
good Legendrian handlebody, where we do not slide any Ki (0 ≤ i ≤ s) over
the handles Ks+1,Ks+2, . . . ,Kl. This finishes Step (I). For a while, we call this
sliding operation of K0,K1, . . . ,Ks the “normalization of N”. We use the same
symbol K0,K1, . . . ,Ks for the resulting 2-handles. We denote the resulting good
Legendrian handlebody by X(g). Note that X(g) is diffeomorphic to X and that we
can recover the Stein handlebody decomposition of N by reversing the operation
“normalization of N”.
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Figure 13. Steps (II) and (III) to K0 (ignoring Legendrian diagrams)
Figure 14. Steps (II) and (III) to Kj (ignoring Legendrian diagrams)
We next apply Steps (II) and (III) to the above X(g). Let X0, X1, . . . , Xn be the
resulting Legendrian handlebodies. It follows from Theorem 11.3 that these Xi’s
satisfy the claims (1)–(5) of Theorem 11.1. Unfortunately, any Stein 4-manifold
Xi (1 ≤ i ≤ n) possibly do not contain the nucleus N . We thus proceed with this
construction.
We here apply cork twists to Xn as follows (see also Figures 15, 16 and 17).
Replace all the W+-modifications applied to each Kj (0 ≤ j ≤ s) of the Legendrian
handlebody Xn in Step (III) with the correspondingW
−-modifications. We denote
by X˜n the resulting Legendrian handlebody. Since X˜n is obtained from Xn by cork
twists, X˜n is homeomorphic to Xn.
Let X˜ be the Legendrian handlebody obtained from Xn by removing all the
W1’s which links with 2-handles of N . Namely, we define X˜ to be the Legendrian
handlebody obtained from Xn by the following operations (i) and (ii) (see also
Figures 15, 16 and 17).
(i) Remove all the 1- and 2-handles ofW1’s given byW (pi)-modifications (1 ≤
i ≤ n) in Steps (II) and (III).
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(ii) Remove all the 1- and 2-handles of W1’s given by W
+(qj)-modifications
(1 ≤ j ≤ s) in Step (III).
As a smooth handlebody, X˜n can be obtained from X˜ by W -modifications. We
can thus embed X˜n into X˜ by Lemma 7.6. Reversing the operation “normalization
of N”, we can change X˜ into a Stein handlebody keeping its diffeomorphism type.
Note that N ⊂ X˜n ⊂ X˜ .
Since X˜ is a Stein handlebody, we can embed X˜ (and hence X˜n) into a closed
symplectic 4-manifold with b+2 > 1. Theorem 1.1 thus shows that X˜n admits
infinitely many distinct smooth structures, because X˜n contains the nucleus N .
Since X˜n is homeomorphic to Xn, the rest of the proof follows from Theorem 10.4.

Figure 15. Constructions of X˜n and X˜ (ignoring Legendrian diagrams)
Figure 16. Constructions of X˜n and X˜ (ignoring Legendrian diagrams)
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Figure 17. Constructions of X˜n and X˜ (ignoring Legendrian diagrams)
Theorem 11.1 immediately gives the following.
Corollary 11.5. Let Y be a 2-handlebody, and let N be a nucleus which admits a
Stein structure. Put X = Y ♮N . Then, for each integer n ≥ 1, there exist infinitely
many compact connected oriented smooth 4-manifolds Xi (i = 0, 1, 2, . . . , ) which
satisfies (1)–(5) of Theorem 11.1.
Since every finitely presented group (resp. integral symmetric bilinear form Zk×
Zk → Z (k ≥ 0)) is realized as the fundamental group (resp. intersection form) of
a 2-handlebody, this corollary shows the following.
Corollary 11.6. (1) Let G be any finitely presented group. Then there exist ar-
bitrary many compact Stein 4-manifolds and infinitely many non-Stein smooth 4-
manifolds such that they are all homeomorphic but mutually non-diffeomorphic and
that each of their fundamental groups is isomorphic to G.
(2) Let Q : Zk × Zk → Z (k ≥ 0) be any integral symmetric bilinear form, and
let R : Z2 × Z2 → Z be any integral, indefinite, unimodular symmetric bilinear
form. Then there exist arbitrary many simply connected compact Stein 4-manifolds
and infinitely many non-Stein smooth 4-manifolds such that they are all homeo-
morphic but mutually non-diffeomorphic and that each of their intersection forms
is isomorphic to Q⊕R.
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